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We study the decay mechanism of the gapped lowest-lying excitation of a quasi-pure box-trapped atomic
Bose–Einstein condensate. Owing to the absence of lower-energy modes, or direct coupling to an external bath,
this excitation is protected against one-body (linear) decay and the damping mechanism is exclusively nonlin-
ear. We develop a universal theoretical model that explains this fundamental nonlinear damping as a process
whereby two quanta of the gapped lowest excitation mode couple to a higher-energy mode, which subsequently
decays into a continuum. We find quantitative agreement between our experiments and the predictions of this
model. Finally, by strongly driving the system below its (lowest) resonant frequency we observe third-harmonic
generation, a hallmark of nonlinear behavior.
Our understanding of quantum many-body systems is
rooted in the existence of elementary excitations such as
quasi-particles and phonons. The nature of these excitations
reflects the form of order in the underlying state of mat-
ter. Moreover, low-temperature thermodynamics and near-
equilibrium transport properties can be computed from the en-
ergy spectrum of these modes.
Typically this energy spectrum can be calculated to lowest
order by assuming that the excitations are non-interacting, and
thus have an infinite lifetime. Taking into account the interac-
tions between the quasi-particles in the continuum limit gener-
ically leads to finite lifetimes, even at zero temperature [1].
On the other hand, the lifetime of gapped excitations has
been far less investigated. Gaps in the energy spectra natu-
rally arise in finite-size systems [2, 3] or from many-body ef-
fects in infinite systems [4, 5], or a combination of the two [6].
In either case the lifetime of the lowest-lying excitation of a
many-body system at zero temperature is of particular interest
since it is energetically immune to any one-body (i.e. linear)
decay mechanism. In this Letter, we study this fundamen-
tal many-body problem experimentally and theoretically by
investigating the decay of the lowest excitation of a homoge-
neous box-trapped atomic Bose–Einstein condensate (BEC).
The weakly-interacting bulk Bose gas has been a remark-
able testbed for exploring the physics of excitations and their
interactions [7–30]. At low temperature, the excitations of an
infinite uniform BEC have an energy given by the Bogoliubov
spectrum; in the long-wavelength limit these excitations are
phonons [31]. The leading decay channel for the phonons is
a linear process, in which they spontaneously break up into
pairs of longer-wavelength phonons [Fig. 1(a)], a damping
mechanism first predicted by Beliaev [32].
By contrast, in our case the finite system size leads to ex-
perimentally resolvable gaps in the excitation spectrum, and
recent works suggested that the damping of the lowest mode
is fully nonlinear (within experimental precision) [29, 33].
Here we experimentally and theoretically elucidate the damp-
ing mechanism of this mode; we show that it can be explained
by a generic model based on an inverse Beliaev-like pro-
cess, whereby two elementary excitations merge into a higher-
energy one [Fig. 1(b)].
Our experiment starts with a quasi-uniform BEC of 87Rb
atoms [34], prepared in a cylindrical optical box trap of radius
R = 16(1) µm and length L = 26(1) µm [see Fig. 2(a)]. Our
condensates consist of N = 1.2(1)×105 atoms, their chemical
potential is µ ≈ kB×2.1 nK, their healing length ξ ≈ 1.1 µm,
and the excitation frequency of the lowest-lying axial mode
[Fig. 2(b)] is ωd = 2pi× 9.0(1) Hz (see [29] for details). We
excite this mode by applying a spatially uniform oscillating
force Fs(r, t ) = (Us/L)sin(ωt )ez , where ez is the unit vector
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FIG. 1. Decay mechanisms of elementary excitations in a quantum
many-body system. (a) Beliaev-like linear damping of an excitation
in the continuum to two (or more) lower-lying excitations. (b) Non-
linear damping of the lowest-energy, gapped excitation (blue) to a
higher-lying mode (red). The continuum is represented as a gray
shade, while the horizontal lines indicate relevant energy levels.
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FIG. 2. Nonlinear dynamics of a driven box-trapped Bose–Einstein condensate. (a) Sketch of the optical box trap, highlighting the axis
along which the drive Fs(t ) is applied. (b) Sketch of the fundamental mode density δn(z) and velocity δv(z) profiles along the box axis. (c)
Center-of-mass velocity response v(ts) for three different drive frequencies ω, close to the resonant ωd /(2pi) = 9.0(1) Hz, and two different
drive strengths Us (see legend). (d) Steady-state response amplitude vm versus Us on log-log scale, for various drive frequencies (see legend).
The on-resonance vm exhibits power-law behavior, and a fit to the data (solid line) gives vm ∝U0.32(1)s . For progressively larger Us a wider
range of ω become effectively resonant. The dotted lines are guides to the eye, and the error bars represent fitting uncertainties.
along the symmetry axis of the cylinder andUs is the maximal
potential-energy drop across the box. Following a variable
shaking time ts, the BEC is released and the center of mass
of the atomic density distribution is recorded after a time of
flight tToF = 140 ms, which reflects the in-situ center-of-mass
velocity v(ts) along ez .
In Fig. 2(c), we show examples of v(ts) for three drive fre-
quencies (below, on, and above resonance), and for two drive
amplitudes (Us/kB = 0.2 and 1.6 nK). While at early times
transient dynamics are visible, a monochromatic steady state
is established at later times. We fit the data for ts > 0.6 s with
v(ts)= vm sin(ωts+φ) (solid lines) and extract the amplitude
vm and phase φ of the velocity response. For the weaker drive
(Us/µ ≈ 0.1) we observe significant response only on reso-
nance. However, for the stronger drive (Us/µ ≈ 0.7) we ob-
serve comparable response amplitudes at all three frequencies,
indicating significant broadening, a clear signature of nonlin-
ear behavior.
To characterize this nonlinear behavior we plot vm as a
function of Us on log-log scale for various drive frequencies
in Fig. 2(d). For linear response, with amplitude-independent
damping, one would get vm ∝ Us, for all ω. Instead, on
resonance (ω = ωd ) we observe power-law behavior vm ∝
U0.32(1)s , reminiscent of classical models with a cubic nonlin-
ear damping [which generically predict vm ∝U1/3s on reso-
nance (see Section I in [35])]. Away from resonance, vm is
smaller than on resonance (for the same Us), but for stronger
drives a progressively broader range of frequencies becomes
effectively resonant.
In the following we introduce a universal theoretical model
for this nonlinear behavior, and compare it to the full experi-
mental response curves vm(ω) and φ(ω) (see Fig. 3). Within
quantum theory, in the spirit of Fig. 1(b), we associate the
cube-root scaling vm ∝U1/3s with the decay of the mode to-
wards higher energies via a two-body process [36], result-
ing in a decay rate proportional to the number of phonons.
Once excited, this ‘secondary’ mode couples to other modes,
which act as a quasi-continuum of states to which the exci-
tation can decay. We formalize this picture by developing a
simple model in which the fundamental excitation of energy
~ωd is created by an external forcing, and is coupled to an
auxiliary mode of energy ~ωb (see Sections II-V in [35]). The
Hamiltonian describing the system is
Hˆ = ~ωd dˆ†dˆ +~ωb bˆ†bˆ+~λ(bˆ†dˆ dˆ +H.c.)
+ ~Ωsin(ωt ) (dˆ†+ dˆ) , (1)
where dˆ† (dˆ) and bˆ† (bˆ) are, respectively, the creation (annihi-
lation) operators for the fundamental and the auxiliary mode,
λ is the coupling strength, and Ω is the strength of the drive.
We incorporate the decay of the auxiliary mode into the quasi-
continuum via a master equation approach. By tracing out the
auxiliary mode, we derive, within a mean-field approxima-
tion, an equation of motion for the mean dipole d(t )≡ 〈dˆ(t )〉:
i∂td − (ωd +κ2|d |2)d =Ωsin(ωt ) . (2)
The generally complex κ2 captures the nonlinear effects to
leading order. Specifically, Re[κ2] and Im[κ2] correspond, re-
spectively, to a frequency shift (due to the self-interaction) and
a nonlinear damping (due to the mediated coupling to the con-
tinuum); expressions for κ2 in terms of the microscopic model
parameters are provided in Section III in [35]. In practice,
κ2 is sensitive to the details of the trapping potential, and it
is more convenient to extract it directly from the experimen-
tal data. However, the form of Eq. (2) is universal in that it
does not depend on the exact loss mechanism of the auxiliary
mode, nor the number of auxiliary excitations involved in the
elementary interaction process [see Eq. (1)].
To compare our experimental data to the theory, we
relate d(t ) to the main experimental observable v(t ) =
(2α/N )∂tRe[d(t )], where α is the matrix element of the po-
sition operator zˆ between the ground state and the lowest-
lying excitation (see Section IV in [35]). In terms of the
experimental parameters, the drive amplitude in Eq. (1) is
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FIG. 3. Nonlinear response functions and comparison with theory.
(a) Steady-state velocity response amplitude vm as a function of ω,
for six different drive strengths Us (see legend), alongside the cor-
responding fits to our model (see text for details). The inset shows
Γ, the extracted full width at half maximum of vm(ω), as a function
of Us on log-log scale, while the horizontal dotted line indicates ωd .
The solid line is a fit to the data, Γ∝U0.67(2)s . For reference, our ex-
perimental upper bound on linear damping rate is 2pi×0.3 s−1 [29].
(b,c) Extracted model fit parameters for the response curves vm(ω)
in (a). The dashed line in (b) shows a theoretical estimate (see text),
while the solid lines in (b,c) depict the average forUs/kB < 1 nK. (d)
Phase response as a function of Us. The solid lines show the predic-
tion of the model with the extracted average parameters [solid lines
in (b,c)] for Re[κ2]= 0. The dotted lines instead show corresponding
predictions which include a small nonzero Re[κ2] (see text). Where
not visible, the fitting error bars are smaller than the point size.
Ω = αUs/(~L). We determine the parameters of the model
by fitting the vm(ω) response curves to the steady-state nu-
merical solutions of Eq. (2) for each Us. The resulting fits are
shown in Fig. 3(a) as solid lines, where for simplicity we first
assume that the nonlinear coefficient κ2 is imaginary so that
the adjustable parameters are κ¯2 ≡ iκ2 and α. We see that for
Us. kB×2 nK the fitted model captures the experimental data
well.
Only for Us & kB×2 nK do deviations between the model
and the data become apparent. In the inset of Fig. 3(a) we
plot the extracted full width at half maximum of the spectral
lines, Γ, as a function of Us, which reveals that the deviation
between the model and the data occurs only once Γ&ωd . For
Us/kB = 1.6 nK, we estimate that κ¯2|d |2 ≈ 0.5ωd , and higher-
order nonlinearities could become important.
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FIG. 4. Observation of third-harmonic generation. (a) Steady-state
center-of-mass velocity response v(ts) for a strong drive (Us/kB =
6.6 nK) at ω/(2pi)= 9 Hz (top) and ω/(2pi)= 3.5 Hz (bottom). In the
latter case we clearly observe a non-monochromatic response. The
solid lines show fits to the data [37]. (b) Corresponding Fourier spec-
tra F , which for ω/(2pi) = 3.5 Hz reveals a response at 3ω. (c) Ex-
tracted third-harmonic generation amplitude F3 for ω/(2pi)= 3.5 Hz
plotted as a function ofUs on log-log scale. The dashed line shows a
power-law fit, which gives F3 ∝U3.6±1.2s , consistent with the cubic
scaling behavior characteristic of third-harmonic generation.
The parameters extracted from each vm(ω) curve are shown
in Figs. 3(b,c). Crucially, both α and κ¯2 do not depend on
Us within experimental errors, demonstrating that the model
[Eq. (2)] captures the nonlinear Us-dependent response. Av-
eraging the fitted parameters well within the range of valid-
ity of the model (Us/kB < 1 nK) we obtain α= 0.097(3)L
p
N
and κ¯2/ωd = 6.9(4)×10−6 per phonon (solid horizontal lines).
A calculation assuming a cylindrical-box-trapped BEC in the
Thomas–Fermi regime (Section III in [35]) yields α/(L
p
N )=
25/4/pi3/2
√
ξ/L ≈ 0.090 [dashed line in Fig. 3(b)], in good
agreement with the measurement.
Furthermore, we find that Γ∝U0.67(2)s , which interestingly
suggests that even though vm/Us and Γ are not independent of
Us as for a linearly-damped harmonic oscillator, one still re-
covers vmΓ∝Us. Naively, this reflects the energy balance
condition for a driven-dissipative steady state; Usvm is the
driving power, and v2mΓ is akin to the energy dissipation rate,
the energy stored in the system being ∝ v2m.
In Fig. 3(d) we show the complementary data on the phase
of the velocity response, φ, as a function of Us for various
drive frequencies. As expected, φ is pi/2 (-pi/2) out of phase
with the drive below (above) resonance. Interestingly, for low
drive strengths (Us/kB < 1 nK) the on-resonance φ(ωd ) is ob-
servably nonzero and nearly independent of Us. Averaging
the data for Us/kB < 1 nK gives φ=−0.12(4), which suggests
that Re[κ2]= 0.12(4)Im[κ2] within our model [see Section IV
in [35]); this a posteriori justifies our initial assumption that
|Re[κ2]/Im[κ2]|¿ 1. Including this small nonzero Re[κ2] in
the model further improves agreement with the data [dotted
lines in Figs. 3(a,d)], but the difference is small.
4For a nonlinear response one also generically expects
the possibility of harmonic generation. Experimentally, we
did not observe evidence of higher-harmonic generation for
Us/kB < 3 nK, so in the final part of this Letter we turn to
even larger drive amplitudes (up toUs/kB = 6.6 nK). For most
driving frequencies ω we only observe a monochromatic re-
sponse at the drive frequency, even for strong drives (see top
panels in Figs. 4(a,b) where ω/(2pi) = 9 Hz [38]). However,
the behavior is markedly different for ω/(2pi) = 3.5 Hz (bot-
tom panels), for which 3ω is close to the resonant ωd . In
this case the Fourier spectrum of the time-domain response
[Fig. 4(b)] shows a clear peak at 3ω, signalling third-harmonic
generation, in addition to the main peak at ω. In Fig. 4(c) we
plot the third-harmonic amplitude F3 versus Us on log-log
scale [37]. A power-law fit (dashed line) givesF3 ∝U3.6±1.2s ,
consistent with a cubic scaling in Us (characteristic of third-
harmonic generation) and in qualitative agreement with pre-
dictions from Eq. (2) (Section V in [35]).
In conclusion, we have experimentally and theoretically
studied the nonlinear decay of the fundamental gapped exci-
tation of a Bose–Einstein condensate. Our experiments reveal
a cubic damping mechanism as well as third-harmonic gen-
eration. To understand these nonlinear effects we develop a
mean-field model based on a microscopic theory at lowest or-
der. Our work paves the way to a microscopic understanding
of the genesis of a turbulent cascade [33, 39], when the en-
ergy leakage from the driven lowest-lying mode is sufficiently
large to sustain a non-equilibrium steady state. The decay of
gapped excitations is an understudied but generic problem in
quantum many-body physics, and our approach could be ex-
tended to other systems, where it could offer insight into the
interactions between those elementary excitations.
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6SUPPLEMENTAL MATERIAL
I. CLASSICAL OSCILLATOR MODEL WITH NONLINEAR
DAMPING
The equation of motion of a general classical model for a
driven oscillator where the damping is proportional to the η-th
power of the velocity is given by
x¨+γηx˙η+ω2dx =U sinωt , (S1)
which for η > 1 leads to nonlinear dynamics, including the
generation of higher-order harmonics. However, in cases
where the system reaches a steady state oscillating predom-
inantly at ω (i.e. small higher-harmonic amplitudes) the re-
sponse amplitude can be estimated from the main Fourier
component ω:
(ω2d −ω2)x0+qγηωηx
η
0 =U , (S2)
where q is a prefactor that depends on η. In the case of a reso-
nant drive (ωd =ω) the amplitude simply scales as x0 ∼U1/η.
Hence for a scaling v ∝U1/3 we identify a cubic damping
term with η = 3; note that extending the description to also
include position-dependent damping, i.e. a term ∝ xη−w x˙w ,
where 0≤w ≤ η, does not alter this scaling.
II. DERIVATION OF THE REDUCED BOGOLIUBOV
HAMILTONIAN
The Hamiltonian describing weakly interacting bosons in a
cylindrical box trap is
Hˆ =
∫
d3r ψˆ†(r)
{
− ~
2
2m
∇2−µ+V (r)
}
ψˆ(r)
+1
2
g
∫
d3r ψˆ†(r)ψˆ†(r)ψˆ(r)ψˆ(r), (S3)
where ψˆ(r) is the boson field operator, g = 4pi~2a/m the s-
wave interaction parameter, and V (r) the box potential
V
(
ρ,φ,z
)= 0, 0< z < L, 0< ρ <R
=∞, otherwise. (S4)
We employ the Bogoliubov approximation, splitting the field
operator into two parts ψˆ(r) = ϕ(r)+ δψˆ(r), where ϕ(r) =〈
ψˆ(r)
〉
is the condensate wave function, and δψˆ(r) is the fluc-
tuation. We expand the Hamiltonian in the order of fluctuation
as Hˆ =H (0)+ Hˆ (1)+ Hˆ (2)+·· · , where
H (0) =
∫
d3r ϕ∗(r)
{
−~
2∇2
2m
−µ
+ V (r)+ 1
2
g
∣∣ϕ(r)∣∣2}ϕ(r) , (S5)
Hˆ (1) =
∫
d3r δψˆ†(r)
{
−~
2∇2
2m
−µ
+ V (r)+ g ∣∣ϕ(r)∣∣2}ϕ(r)+H.c. , (S6)
Hˆ (2) =
∫
d3r δψˆ†(r)
{
−~
2∇2
2m
−µ
+ V (r)+2g ∣∣ϕ(r)∣∣2}δψˆ(r)
+1
2
g
∫
d3r
{
ϕ∗2(r)δψˆ2(r)+H.c.} . (S7)
Here H (0) is the mean-field energy, and minimizing H (0) leads
to the Gross–Pitaevskii equation,{
−~
2∇2
2M
+V (r)+ g ∣∣ϕ(r)∣∣2}ϕ(r)=µϕ(r). (S8)
The resultant ground state condensate wave function ϕ(r)
eliminates the first order Hamiltonian Hˆ (1), and we have
Hˆ = E (0)+ Hˆ (2)+·· · . (S9)
Performing the Bogoliubov transformation
δψˆ(r)=∑
i
[
ui (r)aˆi + v∗i (r)aˆ†i
]
, (S10)
δψˆ†(r)=∑
i
[
u∗i (r)aˆ
†
i + vi (r)aˆi
]
, (S11)
diagonalizes the Hamiltonian to second order
Hˆ = Egs+
∑
i
Ei aˆ
†
i aˆi +·· · . (S12)
Here Egs is the ground-state energy including the mean-field
energy and the Lee-Huang-Yang correction. The excitation
spectrum Ei and the corresponding functions ui (r),vi (r), can
be obtained by solving the Bogoliubov equations,[
−~
2∇2
2m
−µ+V (r)+2g |ϕ(r)|2
]
ui
+gϕ2(r)vi = Eiui , (S13)[
−~
2∇2
2m
−µ+V (r)+2g |ϕ(r)|2
]
vi
+gϕ∗2(r)ui =−Ei vi . (S14)
To take into account the coupling between collective modes,
we retain the third-order terms in the expansion of the Hamil-
tonian:
Hˆ (3) = g
∫
d3r ϕ∗(r)δψˆ†(r)δψˆ(r)δψˆ(r)+H.c. . (S15)
7Substituting Eqs. (S10, S11) into Eq. (S15) yields
Hˆ (3) = g∑
i j k
∫
d3r ϕ∗(r)
×
[
u∗i (r)aˆ
†
i + vi (r)aˆi
][
u j (r)aˆ j + v∗j (r)aˆ†j
]
×
[
uk (r)aˆk + v∗k (r)aˆ†k
]
+H.c. . (S16)
Motivated by the experiment, we focus on the coupling be-
tween the fundamental dˆ ≡ aˆfun and an auxiliary mode bˆ ≡
aˆaux. The terms of the form bˆ†bˆ†dˆ lead to a linear damping
of the fundamental mode, however the large energy difference
highly suppresses this process. The terms of the form bˆ†dˆ dˆ
describe the nonlinear decay process of Fig. 1(b). The re-
sulting reduced Hamiltonian of our model in the absence of
forcing and dissipation is thus
Hˆred = ~ωd dˆ†dˆ +~ωb bˆ†bˆ+~λ
(
bˆ†dˆ dˆ +H.c.
)
, (S17)
where the corresponding coupling strength is given by
~λ≡ g
∫
d3r
{
ϕ∗(r)
(
u∗aux(r)ufun(r)+2v∗aux(r)vfun(r)
)
ufun(r)
+ ϕ(r)(v∗aux(r)vfun(r)+2u∗aux(r)ufun(r))vfun(r)} . (S18)
III. EFFECTIVE EQUATION OF MOTION FOR THE
FUNDAMENTAL MODE
In this section we introduce a closed effective equation of
motion for the fundamental mode, derived from the equations
of motion of the coupled fundamental and auxiliary modes.
We include the driving and dissipation in the description of
the dynamics of the fundamental and auxiliary modes using
the quantum master equation ~∂tρ =−i
[
Hˆ ,ρ
]+D [ρ], where
the Hamiltonian Hˆ and the dissipator D read
Hˆ = Hˆred+~Ωsin(ωt )
(
dˆ†+ dˆ
)
, (S19)
D[ρ]= ~γ1
(
2bˆρbˆ†− bˆ†bˆρ−ρbˆ†bˆ
)
. (S20)
The auxiliary mode readily couples to other modes, which
effectively act as a quasi-continuum to which it can decay.
Here we assume the simplest form of dissipation for the aux-
iliary mode, a one-particle loss process with loss rate γ1. In
terms of the experimental parameters, the scaled drive ampli-
tude is
Ω=αUs/(~L) , (S21)
where
α=
∫
d3r
(
vfun(r)zϕ(r)+ufun(r)zϕ∗(r)
)
. (S22)
For a cylindrical-box trapped BEC in the Thomas–Fermi
regime we have
α≈ L
p
N
25/4
pi3/2
√
ξ
L
. (S23)
Using a functional integral method, one can derive the fol-
lowing effective equation of motion for the reduced density
matrix of the fundamental mode ρd :
~∂tρd =−i
[
Hˆeff,ρd
]+Deff [ρd ] , (S24)
where the effective Hamiltonian Hˆeff and dissipator Deff are
given by
Hˆeff = ~ωd dˆ†dˆ + ~2 Re[κ2]dˆ†dˆ†dˆ dˆ +
~Ωsin(ωt )
(
dˆ†+ dˆ
)
, (S25)
Deff[ρd ]=−~2 Im[κ2]
(
2dˆ dˆρd dˆ
†dˆ†
−dˆ†dˆ†dˆ dˆρd −ρd dˆ†dˆ†dˆ dˆ
)
. (S26)
Here the effective nonlinear parameter κ2 is
κ2 = 2λ
2
2ωd −ωb + iγ1
, (S27)
which arises from the perturbative elimination of the auxiliary
mode, under the assumption that its occupation remains small.
The coupling to the auxiliary mode not only gives the fun-
damental mode an effective self-interaction, given by Re[κ2],
but also leads to its effective nonlinear dissipation, given by
Im[κ2]. Note that Eqs. (S24-S26) are robust both with re-
spect to the form of dissipation of the auxiliary mode, and the
number of auxiliary excitations involved in the elementary in-
teraction process; only the microscopic details [the form of
Eq. (S27)] would change.
IV. MEAN-FIELD ANALYSIS OF THE EQUATION OF MOTION
FOR THE FUNDAMENTAL MODE
By employing a mean-field approximation in Eq. (S24) we
obtain the equation of motion of the mean dipole mode d(t )≡
〈dˆ(t )〉 :
i∂td =
(
ωd +κ2|d |2
)
d +Ωsin(ωt ) . (S28)
In the limit of weak drive, one can use a harmonic ansatz
d (t ) = Ae−iωt = −|A|e−i (ωt+φ) in Eq. (S28) and within a ro-
tating wave approximation obtain(
ω−ωd −κ2 |A|2
) |A| = −i Ω
2
e iφ , (S29)
such that
Ω2
4
=
[(
ω−ωd −Re[κ2] |A|2
)2
+(Im[κ2] |A|2)2] |A|2 , (S30)
tan
(
φ
)= ω−ωd −Re[κ2] |A|2
Im[κ2] |A|2
. (S31)
For ω=ωd ,
|A| =
(
Ω
2|κ2|
)1/3
, (S32)
tan
(
φ
)=−Re[κ2]
Im[κ2]
, (S33)
8revealing that on resonance |A| ∝Ω1/3, while the phase shift
of the oscillation with respect to the drive reflects the phase of
the complex nonlinear parameter κ2.
Finally, we relate d(t ) to our experimental observable, the
mean center-of-mass velocity v(t ). The center-of-mass posi-
tion operator is
zˆ = 1
N
∫
d3r ψˆ†(r)zψˆ(r). (S34)
Assuming that the dominant contribution to zˆ is due to the
fundamental mode, we have zˆ ≈ αN (dˆ + dˆ†). Within the mean-
field approximation one thus finds that the mean center-of-
mass velocity is
v(t )= 〈∂t zˆ〉 ≈ 2α
N
∂tRe[d(t )]. (S35)
V. THIRD-HARMONIC GENERATION
Intriguingly, Eq. (S28) [Eq. (2) in the main text] includes
the possibility of third-harmonic generation for our system pa-
rameters. To study this effect, we use an ansatz of the form
d(t )= A+1 e iωt + A−1 e−iωt + A−3 e−i3ωt , (S36)
in Eq. (S28), and by balancing the harmonics obtain
[
ωd −ω+κ2
(∣∣A−1 ∣∣2+2 ∣∣A+1 ∣∣2+2 ∣∣A−3 ∣∣2)]A−1 =−i 12Ω−2κ2A−3 A+1 A−∗1 , (S37)[
ωd +ω+κ2
(∣∣A+1 ∣∣2+2 ∣∣A−1 ∣∣2+2 ∣∣A−3 ∣∣2)]A+1 = i 12Ω−κ2A−∗3 A−1 A−1 , (S38)[
ωd −3ω+κ2
(∣∣A−3 ∣∣2+2 ∣∣A−1 ∣∣2+2 ∣∣A+1 ∣∣2)]A−3 =−κ2A+∗1 A−1 A−1 . (S39)
Note that A−3 is excited through the A
±
1 oscillations. As-
suming that the former is much smaller than the latter and that
ω is far from resonance, the amplitudes A±1 can be expanded
to linear order in Ω for weak drives:
A±1 '±
iΩ
2(ωd ±ω)
. (S40)
Substituting this result into Eq. (S39), and assuming that
|κ2|
(∣∣A−3 ∣∣2+2 ∣∣A−1 ∣∣2+2 ∣∣A+1 ∣∣2)¿|ωd −3ω| yields
A−3 ' i
κ2
3ω−ωd
Ω3
8(ω+ωd )(ω−ωd )2
. (S41)
This reveals that the third-harmonic amplitude is
∣∣A−3 ∣∣∝Ω3,
in agreement with our measurements shown in Fig. 4. Since
only two fundamental phonons couple to the relay state b, this
process is rather unusual: two (rather than three) off-resonant
excitations of energy ~ω ≈ ~ωd/3 (a process ∝ Ω2) convert
into a real d excitation of energy 3~ω≈ ~ωd ; to conserve en-
ergy, a ‘counter-rotating’ phonon of energy ≈−~ωd/3 is pro-
duced by stimulated emission into the driving field, a process
∝ Ω. On the other hand, on the third-harmonic resonance
(3ω=ωd ), the amplitude |A−3 | is suppressed not by the detun-
ing ωd −3ω [see Eq. (S41)] but by the nonlinear damping rate
∝ κ2Ω2. In this case the third-harmonic amplitude response
is |A−3 |∝Ω3/Ω2, i.e. linear in Ω.
VI. GENERALIZATION TO M -EXCITATION DAMPING
In this section we generalize our model to a damping mech-
anism mediated by M-excitation interactions and show that
the on-resonance amplitude is proportional to the 1/(2M −1)
power of the driving force.
The corresponding effective Hamiltonian and dissipator
read
Hˆeff = ~ωd dˆ†dˆ + ~M Re[κM ](dˆ†)M (dˆ)M
+~Ωsin(ωt )
(
dˆ†+ dˆ
)
, (S42)
Deff[ρ]=− ~M Im[κM ]
(
2(dˆ)Mρ(dˆ†)M
−(dˆ†)M (dˆ)Mρ−ρ(dˆ†)M (dˆ)M
)
. (S43)
The mean-field equation of-motion is
i∂td =
(
ωd +κM |d |2M−2
)
d +Ωsin(ωt ) . (S44)
Using the ansatz d (t )= Ae−iωt =−|A|e−i (ωt+φ) and balancing
the harmonics yields
(
ω−ωd −κM |A|2M−2
) |A| = −i Ω
2
e iφ . (S45)
On resonance (ω=ωd ) we have
|A| =
(
Ω
2|κM |
)1/(2M−1)
, (S46)
and we also identify the resonance width Γ ∝
Im[κM ] |A|2M−2 ∝Ω(2M−2)/(2M−1).
